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A minor refinement of the steric influences in Flory’s Statistical Mechanics of liquid crystals is
presented. The results of Flory and Ronca and of Warner and Flory are recalculated, that is, the
critical axial ratio of rods in the athermal limit, and, for thermotropic rods, the entropy and order
at the transition, the transition temperature as a function of axial ratio and finally the phase equi-
librium for mixtures of model nematogens. Comparison with experiments on such model systems
shows that some improvement is obtained.

INTRODUCTION

There is, now, ample evidence that both'™ steric and anisotropic attractive
interactions are necessary to describe the isotropic to nematic transition in a
rod fluid. Thermotropic liquid crystals form the example of where both influ-
ences are in a fine balance. Such molecular rods are generally short enough
that steric effects do not totally overwhelm the soft interactions. Axial ratios
for these rods fall into the range 3 to 6.

We examine more closely the specification of steric hindrances for these
interacting short rod systems within the classic theory of Flory,’ recently re-
fined® and extended to include angularly dependent soft interactions.” Flory’s
lattice theory should work best for the dense systems of rods of moderate
length. Our aim is to look at the effect of a minor respecification of the steric
obstruction (within mean field theory) one rod presents to another in the
Flory approach. The restriction of configurational freedom resulting from the
interference of misaligned rods controls the nematic to isotropic transition. In
particular the effective hindrance presented by a rod when it is perceived by
another from end-on is most critical for short rods, that is for rods where the
cross-section has a lineal dimension a significant fraction of the rod length
itself. For short rods the relative stability of the isotropic and ordered phases is

67



Downloaded by [Tomsk State University of Control Systems and Radio] at 12:35 21 February 2013

68 M. WARNER

found to be sensitive to the inclusion of such end effects. Important quantities
such as the minimum axial ratio required to get an ordered phase in the ab-
sence of soft forces (the athermal limit), and the transition temperatures and
latent entropies within an homologous family of nematogens will be pre-
sented. The critical axial ratio in the athermal limit turns out to be 8.75in our
calculation (to be compared with 6.4 of Flory and Ronca®). Experimental evi-
dence on this point including the phase equilibria of rod mixtures is discussed.

Other lattice approaches (see Alben® and Cotter’ for discussions of alterna-
tives and more recently Dowell and Martire'® and references therein) differ
principally from the Flory theory in that they do not contain his prescription
for allowing the transition to a continuum of rod orientations. The physical
consequences of this restriction have been criticized and contrasted®'' with
those of allowing fuller rod freedom. Since the above mentioned end effects
relate to the transition to the continuum we limit our discussion to the Flory
approach.

STERIC INTERACTIONS AND THE ANGULAR DISTRIBUTION
OF RODS

Disorder in rod orientations with respect to the preferred axis (director) of the
nematic is limited in a dense system by the requirement that overlap of mole-
cules be avoided. Implications of this for the steric part of the partition func-
tion were calculated by Flory in his initial investigations of such fluids by
means of a lattice. The crucial idea is then to represent a rod at a given inclina-
tion to the director by a suitable number y of sequences (each of x/y segments)
parallel to the director, each sequence being laterally displaced one unit from
the prior sequence. y relates to the projection of the molecule onto the plane
perpendicular to the director and depends on a prescription for assigning con-
tinuous orientations to a lattice. The combinatorics of putting molecules into
the lattice express the rod-like nature of the molecules and are at once
solvable.

Clearly, perfectly aligned rods are represented by 1 sequence of length x
(with y = 1). Such rods present the minimum hindrance to the deposition of
other rods and contribute 1 to the mean field of disorder y, the average value
of y, appearing in the lattice calculation.

Although y takes discrete values in the lattice it is later allowed to vary con-
tinuously in accord with the actuality of such systems. The angle a rod makes
with the director, y, is naively related to y by y = x sin . More exacting
treatment® gives

y=4/mr x sin ¢ ¢))
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This suitable number of sequences required to represent the rod is constructed
by Flory and Ronca® by projecting a /ine (representing the rod axis) at an angle
¥ onto the perpendicular plane of the director and then assigning the projec-
tion to lattice squares (4/ x sin  on average). Small valuesof =y < lin
(1)) are assigned toy = 1for the purposes of lattice combinatorics and subse-
quently revert to small angles ¢ (with finite weight sin ¢ d ) for later analysis.
What relation (1) neglects is that associated with the axis line is a finite cross-
section which also has to be projected and will additionally contribute so that
the number of lattice squares, and hence y, is always greater than 1 (= 1 at
¢ = 0). For large x this neglect is irrelevant since the variation with y and x,
that is 4/ x sin ¢, is what dominates physically.

Since the projection of the molecule onto the perpendicular plane is what
determines the mapping of molecular configurations onto the lattice represen-
tation (y), we argue that projection of a spherocylinder gives a more realistic
representation of a mesogenic molecule than projection of a line does. These
commonly considered models would then give

y=4/m{x— Dsin g+ 1 (2)

for the division of the molecule into y sequences. Equation (2) is consistent
with the above observation that molecules with perfect orientational order
(¢ = 0) present the minimum obstacle of y = 1 to the deposition of other
molecules in the lattice. This state of perfect liquid crystalline order (¢ = 0 but
disordered centers of mass) now has zero weight in the continuous representa-
tion ¢. Since we are simply describing rotations in 3-D there is no particular
reason to preserve this state on the transition to a continuous description in
contrast to the k = O state in the Bose fluid or the state of crystalline order for
simple particles. That the state y = 1 is considered in the lattice calculation is
due to the assignment in Eq. (2) of molecules with ¢ = 0(sothat y = 1) to the
value y = 1 justas molecules with ¢ suchthat y ~ 2 (greater and less than)are
assigned to y = 2 and so on. The precise assignment is not important since
analysis is performed by reversion to the {yy} where the states with small but
finite  recover a finite weight.

Prescription Eq. (1), in assigning states in the interval of i corresponding to
¥ = (0, 1) to the value y = | in the lattice (to account for the small  states in
projecting a line) and thereafter giving them finite weight, implies a great im-
portance to these states because of the exponential nature of the distribution
function.® By contrast Eq. (5) below indicates that a minimum value of 1 for y
in the projection of a spherocylinder puts more emphasis in the wings, that is,
the states of relatively high alignment are less favored than suggested by Eq.
(1) because even molecules with ¢ ~ 0 have an appreciable steric effect. An
immediate consequence of Eq. (3) is that for short rods (with x not very much
greater than 1) the values of y in the anisotropic phase (y =2 1) are not very



Downloaded by [Tomsk State University of Control Systems and Radio] at 12:35 21 February 2013

70 M. WARNER

much less than the average y = x found in the isotropic phase. Thus the rela-
tive stability of the two phases is effected by the adoption of Eq. (3) instead of
Eq. (2) and becomes apparent in, for instance, the values of xeris and yer: pre-
sented below for the athermal transition. The present value of xest is greater
than that of Ref. 6, reflecting the reduced stability of the nematic phase with
respect to the disordered phase.

DERIVATIONS OF THE EQUILIBRIUM EQUATIONS

The lattice combinatorics are the same as Flory and Ronca,® as is the treat-
ment of soft forces”'? and hence the resulting equations are quoted only where
they differ as a result of adopting Eq. (2).

The n-1 sine moment of the distribution function are the {f,} which are now

fr =f dy sin” yexp(—a(x — 1)sin gy —3x 0 svesin’¢)  (3)

. . 4 .
vxis the volume fraction of rods, s the order parameter (P2) and a(E — a) is
ks

—4/7In (1 — vi(1 — y/x). Px(cos §) is — §sin? ¥ to within constants. Soft in-
teractions between rods are represented by a mean field proportional to s. 8 is
a reduced temperature'? related to T of Ref. 7 by 6 = T x.

The mean field of disorder y is now given by:

}=%(x—-l)fz/f|+l 4)

The distribution of orientations n,, by analogy™'? is

% = fi' sin @ exp (—a(x — 1) sin ¢ — & x 67's v, sin’y) &)

(all additional factors resultant on the adoption of (2) being absorbed into the
normalisation).

The free energy G for the anisotropic phase now has the term +an;, addi-
tional to that of Ref. 12 reflecting the now greater difficulty of inserting a rod
when the others are highly ordered (y ~ 1). G for the isotropic phase is un-
changed. The appropriate derivatives of the G give the 4 chemical potentials
and ux (of solvent and rod respectively) for the anisotropic and isotropic
phases. Only pxaniso i altered (by the additional term +a). Equilibrium condi-
tions from equating free energies (neat fluid) or chemical potentials (mixtures)
are similar to in Warner and Flory'? and are solved in the same manner.
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SOLUTION OF THE EQUILIBRIUM EQUATIONS

The Athermal Limit

We consider a neat rod fluid (v, = 1) in the limit of zero soft interaction.
Equating the isotropic and anisotropic values of G gives the condition for the
critical axial ratio, Xerit:

a+y—x—Infi=0 6)

to be simultaneously satisfied along with Eq. (4) for y and (3) for £, (with
6" = 0). (Results in upper row of table below.)

The solution also gives the disorder yeri and the order parameter sqit for the
critical system. In the following table the lower row represents the consequen-
ces of Eq. (1). Notice that now the value of yerit is much larger than before asa
result of ymin = 1. Even the scaled version is greater (Jeriv/Xcrie). The signifi-
cance of the increased value of xqt is examined later.

Xerit Verit  Yerit/Xerit  Senit
8.7536 2.8287 .32314 9216
6.4166 1.2445 .19394 9473

Thermotropic Rods
Finite values of the interaction and hence of 87" allow the possibility of ne-
matic states for rods with x < xqit. Equating the free energies of disordered
and ordered phases now gives:

xs(1 — s/2)

0=}—x+a—lnﬁ ™

(a condition for the reduced transition temperature). Equation (7) is solved
simultaneously with the relations defining s, y and the f,. The variation of re-
duced transition temperature (8,;), the order parameter at the transition (Serit)
and the reduced latent entropy (S./ks) as functions of the axial ratio are given
in Figures 1, 2 and 3 respectively.

Thermotropic Rods In Dilution

We do not present results for thermotropic rods diluted with a simple solvent?
(x = 1) but concentrate on mixtures of rods of axial ratio x, with a homologue
xg This is because the model system of thermotropic rods hitherto con-
sidered,”'? the polyphenyls, are only weakly soluble in simple solvents al-
though homologues are miscible. The generalization of s, y (to y,, the number
weighted disorder field), the f,, the distributions, free energies and potentials is
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FIGURE 1 Reduced transition temperature 8, is plotted against axial ratio x. The athermal
limit is shown as X (= 8.75).
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FIGURE 2 Order parameter at the transition seis is plotted against axial ratio.
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0.75

Reduced latent entropy Sni/kB

Axial ratio x

FIGURE 3 Reduced latent entropy S./ks is plotted against axial ratio.

analogous to that of Warner and Flory.'? In anisotropic phases the free energy
has the additional term n,a and the chemical potentials the term a. n, is the
total number of segments and a is now ~In (,/x) with x the number weighted
axial ratio.

The phase diagram for an x = 5, x = 4 mixture has been calculated by
equating chemical potentials and using the appropriate self consistency condi-
tions on sandy. In Figure 4 reciprocal reduced temperature is plotted against
volume fraction of the xs rods (as the composition variable). It is more appro-
priate to reduce temperatures by an experimental temperature, for instance
the transition temperature of the xs species (Trs)), and to use mole fraction as
the composition variable (see Figure 5).

DISCUSSION OF THE RESULTS

The polyphenyls, which we shall take as model molecules, have been discussed
by Flory and Ronca.” They argue that, although the phenyl group departs
from cylindrical shape about the axis defined by the molecule as a whole, ran-
dom staggering of the orientation of each group about this axis makes the
molecule effectively cylindrical. Thus a mean diameter of 4.8 A is taken for
the cylinders representing these rodlike homologues.

Recent measurements of T, for quinquephenyl give 417°C"? or 410°C.'*13
This allows us to set the energy scale T* by which all temperatures are reduced
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FIGURE 4 The phase diagram for a mixture of rods of x = 5 with x = 4. Reciprocal reduced
temperature 87 is plotted against volume fraction of the x = 5 species as composition variable.
These are the natural variables of the calculation.
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FIGURE 5 The phase diagram for a mixture of rods of x = 5 with x = 4. Temperature, re-
duced by the transition temperature Ty (of the x = §species alone) is plotted against mole frac-
tion of the x = § species. This diagram is proposed for mixtures of quinque- and quaterphenyl.
The variables chosen here are more natural experimental variables than those of Figure 4.
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(6 = T/T*). Taking the result for x = 5 one gets for T*(= Tni, expt/Oni, calc)
388°K. Our T* is greater than that obtained by using relation Eq. (1) for the
steric hindrance. The shift to larger values is reasonable since adoption of Eq.
(2) (i.e. y = 1) makes the ordered phase less stable w.r.t. the disordered phase
than formerly and a corresponding increase in the soft forces is required in
compensation.

The energy scale now fixed, other transition temperatures are predicted, for
instance Tyia1) = 202°C and Tys.9) = 681°C (the axial ratios taken to corre-
spond’ to quater- and sexiphenyl respectively). The former transition is
masked by the crystallization of quaterphenyl at 320°C; the latter is difficult to
observe since the stability of sexiphenyl at such elevated temperatures is ques-
tionable. The high temperature behavior of sexiphenyl has been investigated'®
and reveals first a smectic-A phase followed at higher temperatures by a ne-
matic phase. Experiments suggest'’ a nematic to isotropic transition at 520°C.

In fact the experiment that most closely corresponds to the calculation
being discussed is that performed at constant volume. McColl and Shih* dis-
cuss the effect of constancy of volume in elevating the transition temperature.
Thus stability and volume considerations imply that Thys), expe Of 520°C is a
lower limit.

A guide’ to locating the athermal limit is this sequence of transition temper-
atures Tnix) (Figure 1, the absolute scale is fixed by Tyys)). The proximity” of
Tis.9), expt With Thics), expt (a difference of only 100-200 C°) indicates that x = 5
and x = 5.9 are not on a steep part of Figure 1, that is, the athermal limit is well
above 6.4. By contrast (1) (which gives 6.4 for the athermal limit) predicts
Tais.9) = 1900°C upon fixing the scale with quinquephenyl.

The inaccessibility of T4 and the difficulties associated with measuring
Tais) suggest that one examines mixtures as a test of the theory. Tus is still
used to fix the energy scale. All other features should then be consequences of
the theory. One can thus consider the slope of the phase diagram (Figure 5) as
a crude measure of Tyiq.1). Thus experiments to determine this phase diagram
would clarify the nature of Figure 1 (the variation of the transition with axial
ratio) and ultimately xerit. In Figure 5 we approximate quaterphenyl by x = 4.
The initial slope of the nematic phase line is an observable quantity. Our value
is approximately .56. The phase diagram has been measured'® and suggests a
smaller value than this for the slope. By contrast Warner and Flory'? obtain a
slope roughly twice the present result. Provisionally a lowering of the slope
suggests that we have an improved estimate for Xeit.

The latent entropy S and the order parameter at the transition s,;are related
by

S

P =4 xT* sa/Tu=1%x 6} s (®
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Thus a discussion of S is related to one of s and 6, as indeed the failure of the
mean field to differentiate between long and short range order demands.

Smith" gets a value of .1612 for the reduced latent entropy of quinque-
phenyl. The present theory predicts the much greater value:

S
ks

The agreement is worse than these figures suggest since correction to constant
volume (by use of y = (8P/3T)y = (8S/0V)p) would further reduce the exper-
imental value. Correspondingly the value of (P,) at the transition (i.e. sx) ob-
tained here (.649) is higher than the values measured by Sherrell and Crellin’®
(.325) or Wallis and Roy"’ (.28).

These discrepancies point to the seriousness of neglecting short-range order
and, consequently, underestimating the influence of soft interactions in rod
fluids. In a discussion of the magnitudes of soft forces in nematogens Warner®
suggests that rods in contact with another have angular freedom roughly that
of rods rotating in 2-D. Thus in a dense disordered rod fluid, even in the ab-
sence of soft aligning forces and many-rod steric effects, the restriction of rota-
tional freedom because of steric hindrance would provide a *‘local” value of s
of }(f & P, (Q) = %). We refer here to the average of orientations of one rod
with respect to a neighbor and not to a long-range order. A crude lower bound
of the extent to which this local order effects the thermodynamics can be
made: in a fluid with no long-range order the residual local order remaining
from the hindered rotation is roughly (using Eq. (8) with Sresia = )

=.5988

(&)

With soft interactions the residual local value of s in the isotropic fluid (to be
used in the above relation) is further enhanced—configurations of the rotating
rod w.r.t. a fixed rod are weighted by the factor exp(— # x 67 sin ). the inter-
action is no longer between a rod and the mean field, that is —(P;)Px(cos ¢)
where ¢ is the angle with respect to the director defining the long-range order,
but is the form experienced between pairs of molecules—Px(cos y) when y is
now the angle between the pair of rods concerned (see for instance Zannoni®®
for an example of a non-mean field use of the potential, that is the absence of
the sterm in the potential). The absence of the sin prefactor expresses the local
2-D character of the rotations.
Sresid 1S then given by

fd vl _;sinz v} e—J/zxo"sin'w
(i

i —3/2x 6" sin* ¢
dye
0

Sresid —
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3 (3 3x 1
=320 (40)”° (40) 2

where I, is the nth order Bessel function of imaginary argument. Tables of
standard functions give Sresia = .473 (for x = 5 and 8 = 8,y5y = 1.759), a re-
sult much enhanced over the steric value of 1. For a Maier-Saupe system on a
lattice, that is where there is no steric inducement of local order, computer
simulations® also record finite values of a “local” Py. The correlation function
is defined as it is here, that is, (Py({2)) 012 = o(ri2) where the average is over
the relative orientations ),z of the rods 1 and 2. ry2 is put equal to the nearest
neighbor spacing.

Subtraction of the residual entropy (implied by Eq. (9) and the above-esti-
mated residual order remaining in the isotropic fluid) from the latent entropy
derived within mean field theory (which assumes the short-range order is the
same as the long-range order) gives S/kp = .28 for the latent entropy of quin-
quephenyl. The reduction in entropy due to pairwise restrictions on rotational
freedom is of course a lower limit. Consideration of a rod and at least two of its
nearest neighbors shows that collective hindrances will produce stronger
local order than that derived above for pairs (even in a rod fluid well above its
ordering temperature). Such local correlations enhance the depolarized light
scattering from the isotropic phase. We refer here not to the enhancement due
to incipient long-range order as the transition is approached,?' but to the
situation at higher temperatures where the effects are purely local.

CONCLUSIONS

Modification of the relation between orientation ¢ and the hindrance field y
used in the Flory calculation of the configurational partition function for rod
fluids is shown to produce a higher axial ratio at the athermal limit. The rods
are now ‘“‘seen’’ even from end-on in the highly ordered state. The resulting
reduction in the stability of the ordered state relative to the disordered is re-
flected in the increase in the transition temperatures of thermotropic rods of
varying aspect. More importantly the present modification changes the slope
of the temperature-composition phase diagram of quinque-quaterpheny! mix-
tures in the direction indicated by experiment.

The role of short-range order in the treatment of internal energy is dis-
cussed. It is proposed that the neglect of the considerable residual order in the
isotropic fluid is partially responsible for the high value of the latent entropy
implied by the mean field theory (which assumes no short-range order in the
isotropic state). Subtraction of the contribution from ASresia does not com-
plete the agreement and it is clear by comparison with experiments'>'¢ on the
order parameter that further attention is required on this aspect of mean field
lattice theories.
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